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Integrable Quantum Mappings 
H.W. Capel and F. W. Nijhofft 



Abstract. We discuss the canonical structure of a class of integrable quantum 
mappings, i.e. iterative canonical transformations that can be interpreted as a 
discrete dynamical system. As particular examples we consider quantum map- 
pings associated with the lattice analogues of the KdV and MKdV equations. 
These mappings possess a non-ultralocal quantum Yang-Baxter structure lead- 
ing to the existence of commuting families of exact quantum invariants. We 
derive the associated quantum Miura transformations between these mappings 
and the corresponding quantum bi-Hamiltonian structure. 



1. Introduction 

In a number of recent papers the quantization of discrete integrable models 
has been investigated, [l]-[6]. In these systems not only the spatial dimension, 
but also the time-variable is discrete. The classical counterparts of these systems, 
^ ^ integrable lattice equations which are described by partial difference equations, 

were constructed and studied already some time ago, cf. e.g. [7]-[9]. More recently, 
^/^ a lot of insight has been gained into special clases of solutions, such as soliton 

solutions, similarity solutions leading to lattice and discrete Painleve equations, 
cf. [10] and also [11], and pole solutions leading to a discretized Calogero-Moser 
^ model (see the other contribution of the second author to this volume). In [12], cf. 

also [13], periodic initial value problems on the lattice have been studied, leading to 
finite-dimensional reductions of the lattice equations which are miegrable mappings, 
On i.e. dynamical systems with a discrete-time evolution which can be integrated in 

the sense of Liouville, cf. [14]. This means that the discrete time-fiow is the 
iterate of a canonical transformation, preserving a suitable symplectic structure, 
-j^ leading to a complete set of invariants which are in involution with respect to this 

(-H symplectic form. As in the continuous-time situation one can then linearize the 

discrete-time fiow on a hypertorus which is the intersection of the level sets of 
^ the invariants, [15, 16]. Integrable mappings have been considered from slightly 

' ^ different perspectives also in the recent literature, cf. e.g. [17]-[19]. 

In this article we focuss on the quantization of the mapping reductions of the 
lattice systems. A theory of miegrable quantum mappings of Korteweg-de Vries 
(KdV) type was proposed first in [1], and elaborated further in [3]- [5]. The quan- 
tization of integrable mappings of KdV type and their generalizations is based on 
the existence of a non-ultralocal quantum Yang-Baxter (YB) structure. The cen- 
tral ingredients are Yang-Baxter matrices of Yangian (or trigonometric type) and 
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a zero-curvature structure given by a discrete-time ZS (Zakharov-Shabat) system 
of the form 

(1.1) L'„(X)M„(X) = Mn+l{\)Ln{\) , 

which holds both on the classical as well as on the quantum level. In eq. (1.1) 
A is a spectral parameter, L„ is the lattice translation operator at site n, and 
the prime denotes the discrete time-shift corresponding to a translation in the 
second lattice direction. As L and M , in the quantum case, depend on operators, 
the question of operator ordering becomes important. Throughout this paper we 
impose in the quantum case as a normal order the order which is induced by the 
lattice enumeration, with n increasing from the right to the left. Finite-dimensional 
mappings are obtained from (1.1) imposing a periodicity condition 

(1.2) L„(X) = L„+p(X) , M„(A) = M„+p(X) 
for some P ^ N . 

As a consequence of the ZS system (1.1) we have on the classical level a com- 
plete family of invariants of the mapping , namely by introducing the associated 
monodromy matrix T(X), obtained by gluing the elementary translation matrices 
Lj along a line connecting the sites 1 and P + I over one period P, namely 

p 

(1.3) T(A) =n L^X) . 

n = l 

In the classical case the traces of powers of the monodromy matrix are invariant 
under the mapping as a consequence of 

(1.4) T'(A) = Mp+i(A)T(A)Mf 1(A) 

and the periodicity condition Mp^i = Mi, thus leading to a sufEcent number of 
invariants which are obtained by expanding the traces in powers of the spectral 
parameter A. The involution property of the classical invariants follows from the 
Poisson bracket 

(1.5) {trT{\),trT{ji)} = Q 

which can be derived from the non-ultralocal classical YB structure, cf. e.g. [5]. 

For the quantum mappings we use the i?-matrix structure of [1, 3, 4] which is 
the quantum analogue of the non-ultralocal Poisson structure. In the continuous- 
time case such a novel quantization scheme was proposed in ref. [20], in connection 
with the quantum Toda theory. Similar structures with continuous time flow have 
been introduced also for the quantum Wess-Zumino-Novikov-Witten (WZNW) the- 
ory with discrete spatial variable, cf. [21]. When considering discrete-time flows 
some interesting new features arise. The conventional point of view, that the M- 
part of the Lax equations does not need to be considered explicitly in order to 
construct quantum invariants, is no longer true. In fact, in the discrete case one 
needs to establish the complete quantum algebra, containing commutation rela- 
tions between the _L-operators as well as between the L- and the M-operators, and 
between the M-operators themselves. As a consequence we find, in the quantum 
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mappings under consideration, that a commuting family of quantum invariants is 
given by 

(1.6) T(\)=triT(\)K(\)) , 

where A'(A) is suitable numerical matrix, obeying the reflection algebra relations, 
cf. also [22]. Thus we have 

(1.7) r'(A) = r(A) , [ r(A) , r(/.) ] = . 

The matrix A'(A) can be explicitely calculated using the intertwining relations be- 
tween the M-matrix and the monodromy matrix, and for the KdV and MKdV 
mappings the exact quantum invariants will be explicitely given. 

In this paper we concentrate on mappings coming from the lattice KdV and lat- 
tice modifled KdV (MKdV) systems. Classically, these mappings will be derived on 
the basis of a discrete variational principle, whereas their quantum analogues arise 
from the action of a unitary operator on the quantum phase space. The integrabil- 
ity of these mappings, together with the construction of exact quantum invariants, 
is assessed on the basis of the non-ultralocal YB structure of the type described 
above. As an additional new result, we will derive the quantum Miura transfor- 
mation between the KdV and MKdV mappings. This transformation (which is the 
natural analogue of the continuous Miura transformation, leading e.g. to the classi- 
cal bi-Hamiltonian structure) can be expressed as a gauge transformation relating 
the corresponding Lax matrices L„(X). On the basis of this Miura transformation, 
a double commutation structure for the quantum discrete-time Volterra (Kac-van 
Moerbeke) system will be derived. 

2. Discrete Action and Generating Operator 

In this section, we introduce the mappings of KdV and MKdV type via an 
action principle. This action principle ensures automatically the symplectic prop- 
erty of the mappings, i.e. the presence of a Poisson bracket structure which is 
invariant under the mapping. In the quantum case the Poisson brackets between 
dynamical variables are replaced by commutators of quantum operators, and in 
that case we will specify the unitary operator that generates the quantum mapping 
as a canonical transformation. 

Let us start from the following action 

(2.1) S= J2 [ 

) -I- ^{Un,m 

where $ is some 'potential' function. The action is a functional of the lattice held 
Un,m, which is a function of the sites (n,m) of a two-dimensional lattice. The 
variational principle that S is invariant under inflnitesimal variations of the lattice 
held Un^m, i-e. 6S/6u„^m = , yields a partial difference equation in terms of the 
'difl'erence fleld' v„^m = Un,m - "n+i.m+i, namely 

(2.2) + {D<i>){Vn,m) - {D<i>){Vn + l,m + l) = , 

in which _D$ denotes the derivative of $ with respect to its argument^. In eq. 
(2.2) the function $ can, in principle, still be an arbitrary function, but we shall 



"^As stated above, we reserve the prime / for the notation of a discrete time-shift. 



4 



H.W. CAPEL AND NIJHOFF 



be mainly concerned with two cases, associated with the KdV and MKdV lattice, 
cf. [12], for which this equation becomes exactly integrable, respectively 



e(51og(e + v) , 

v+p 

log(l + e«)rfe 

v-\-a 



Li2{-e^+")-Li2{- 



(2.3) 
(2.4) 

In eqs. (2.3) and (2.4) £,6,p and a are free parameters, and Li2 is the (Euler) 
dilogarithm function. The partial difference equation (2.2) is a lattice version of 
the KdV equation for the choice (2.3), and a lattice version of the MKdV equation 
for the choice (2.4), cf. [13]. It is interesting to note that the dilogarithm seems 
also to have appeared recently in the quantization of the sine-Gordon model on the 
lattice, [23]. Appropriate continuum limits relating these difference equations to 
the corresponding continuum equations can be found e.g. in [24]. 

Going from the partial difference equation (2.2) to an (integrable) mapping, 
i.e. a finite-dimensional discrete-time system, is done by taking for instance the co- 
ordinate m as our discrete time- variable and to consider the shift in m, m i-^ m+l 
as the time-step update in the mapping. Thus, choosing inital conditions along 
the sites of a 'staircase' consisting of alternating horizontal and vertical links, i.e. 
Uj j =: U2j , =: W2J-I-1, we can label the updates after one iteration by 



putting u'2j = Mjj+i, resp. ^'2j+i — = ^2j+2, which we can then cal- 

culate by using the partial difference equation (2.2). Finite-dimenaional mappings 
are easily obtained by imposing periodic boundary conditions along the staircase 
Un+p^m+P = Mn,m =^ Uj = Mj_|_2P- Clearly, the solution of eq. (2.2) will then 
satisfy the same boundary conditions. The mapping associated with (2.2) can be 
formulated in terms of the new reduced variables 



(2.5) 



l2j 



and is given by 
(2.6) 



:,+, + {D<f){x'/)-{D<f){x'^^,) 



In the presence of the periodic boundary conditions we have a reduced action 
which is the sum over all iterates of a discrete-time Lagrangian L(x,x') which is 
given by 

' \ 2 



P-1 



(2.7) L{x,x') 

(2.8) W(x) 



W(x) 



n = l 
P-1 

E 

n = l 



$(«n) 



P-1 

■E^ 



where x is shorthand for (xi, ...,xp-i) and in which the x„ are varied independently. 
Although the original action (2.1) is varied with respect to the variables Uji YYi^ it IS 
easily verified that, varying here with respect to the Lagrange equations 



(2.9) 
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yield the proper discrete-time equations of motion (2.2), so that the x„ can be used 
as the canonical variables. 

To obtain the generating function of the canonical transformation, it is conve- 
nient to choose the following special form of the Legendre transformation 

(2.10) H{x,y')=J2y'n{^'n-J2^j^~^^^'^'^ ' y'" = 'd^- 

n=l j=l " 

By infinitesimal variation with respect to the variables x„ and j/^ of (2.10), and 
using (2.9), we obtain 



p-l 



(2.11) yn-J2yj 

j=n 

n 

(2.12) x'^-J2 



Xj 

1 



OH 

dx„ 

dH 
dy'n 



(n = 1, P— 1), which can be interpreted as the discrete-time Hamilton equations. 

From eqs. (2. 11), (2. 12) it is easily established that the variables x„ and y„ are 
canonical variables. It follows that the following Poisson brackets 

(2.13) {'^'ni } — ^n,m : {.^ni .^m} — {^ni } — : 

are preserved under the mapping given by (2. 11), (2. 12). The discrete-time 'hamil- 
tonian' in (2.10) has the form 

,2 



(2.14) Hix,y') = Tiy') + Wix) , T(j/) = ^ ij/i 



n = l 



2 7 



where W(x) is given by eq. (2.8). 

The quantization of discrete-time modes with hamiltonian (2.14) and Pois- 
son brackets (2.13) is obtained by the straightforward quantization prescription 
{., .} Je['j']j replacing the canonical coordinates and we replace Xn,yn by her- 
mitian quantum operators x„,yn acting on a well-defined Hilbert space. Thus, we 
obtain for x„ , j/n the Heisenberg algebra 

(2.15) [iCnjJ/m] = ifi^n,m j [^nj^m] — [j/n ; J/m] = . 

Now, as for the quantum version of the mapping, we first note that as a conse- 
quence of the splitting of H into T + W and the x, y being canonically conjugate, 
the form of the mapping need not to be modified in the transition from the clas- 
sical to the quantum case. Hence eqs. (2. 11), (2. 12) are still valid in terms of the 
quantum variables x„,yn- Secondly, the splitting of H suggests directly the form 
of the unitary operator that generates the quantum mapping. Due to the presence 
of the sums on the left-hand side of eqs. (2.11), (2.12) we have 



(2.16) U = e 



LW 



( P-l P-l 

n n 



i + l 
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in which W = W(x),T = T(y), and the exponential factors are ordered in lexico- 
graphic order form the right to the left. In fact, with U given by eq. (2.16) the 
transformations 

(2.17) x„ 1-^ x'„ = Ux„U^ , y„ y'„ = Uy„U^ 

yield exactly the quantum mapping provided by the quantization of eqs. (2. 11), (2. 12) 
Eq. (2.16), together with (2.17), demonstrates the fact that the mappings intro- 
duced in this section are provided by a unitary transformation in the quantum 
phase space. A direct construction of the unitary operators defining the evolution 
for the lattice sine-Gordon system in terms of the quantum _L-matrices was given 
in [6]. 

3. Non-ultralocal Yang-Baxter structure 

We are interested in the canonical structure of discrete-time integrable systems, 
i.e. systems for which the time evolution is given by an iteration of mappings. 
If the mapping contains quantum operators, the commutation relations with the 
monodromy or Lax matrices become nontrivial and it is not a priori clear in this 
case that the YB structure is preserved. Furthermore, the traces of powers of the 
monodromy matrix are no longer trivially invariant as the cyclic property of the 
traces is no longer true for operator-valued arguments. To deal with these new 
features, it is necessary to take the M-part of the zero-curvature system (1.1) also 
into account, and investigate the full quantum structure involved in these systems, 
consisting of commutation relations between the _L-part as well as of the M-part of 
the Lax pair. A proposal for such combined system was presented first in [3]. We 
will outline this novel YB structure here, and in the next section we will present 
explicit examples of quantum mappings that were derived in the previous section, 
namely the quantum mappings of KdV and MKdV type, that will be shown to 
exhibit this combined temporal-spatial YB structure. 

The general quantum _L-operator L„(X), at each site n of a one-dimensional 
lattice, is a matrix whose entries are quantum operators (acting on some properly 
chosen Hilbert space). We consider operators L„(X) that have only non-trivial 
commutation relations between themselves on the same and nearest-neighbour sites, 
namely as follows 

-^12 Ln,l Ln,2 = -^n,2 -^n,l Ri2 
(3.1) Ln + l,lSi2 Ln,2 = -^n,2-^n + l,l , 

Ln,lLm,2 = Lm,2Ln,l , \ n — m \> 2 . 

We adopt here the usual convention that the subscripts 1, 2, • • • denote the factors in 
a matricial tensor product. For example, in eq. (3.1), the subscripts a, /3 = 1, 2, • • • 
for the operator matrices L„^a denote the corresponding factor on which this L„ 
acts (acting trivially on the other factors), i.e. L„^i = L„(Xi) ® 1, L„^2 = 1 Cg) 
L„(X2)- For notational convenience we suppress the explicit dependence on the 
spectral parameter A = Ai respectively A = A2, assuming always that each value 
accompanies its respective factor in the tensor product. The relations (3.1) were 
first proposed in [20] for the quantum Toda theory. In [21] a similar structure is 
referred to as the Kac-Moody algebra on the lattice. 
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The compatibility relations of the equations (3.1) lead to the following consis- 
tency conditions on and S 

(3.2) i?j^2 -^13 -^23 ~ -^23-^13-^12 ' 

(3.3) -^23 '''12 '''13 — '''13 '''12 -^23 I 

where 5^*2 = 5'2i- Eq. (3.2) is the quantum YB equation (QYBE's) for coupled 
with an additional equation (3.3) for . In order to establish that the structure 
given by the commutation relations (3.1) allows for suitable commutation relations 
for the monodromy matrix, we need to impose in addition to (3. 2), (3. 3) that 

(3.4) -^12 '''12 = ^f'J-^f'J ■ 

Taking into account the periodic boundary conditions the following commutation 
relations for the monodromy matrix can be obtained 

(3.5) i?+ Ti 5+ T2 = T2 S^, Ti R^, , 

where Ti = T(Ai) (g) 1 , and T2 = 1 (g) T(A2). 

Let us now consider the discrete-time part of the zero-curvature system (1.1). 
The YB structure is now extended, by supplying in addition to eqs. (3.1) the 
following system of equations 

Mn + l,l5'i2-^n,2 = -^n,2Mn + l,l , 

(3.6) L'„,2ST2Mn.i = M„,ii.;_2, 
as well as 



2 ' 



i?+M„,iM„,2 = M„,2M„,ii?i 

(3.7) M;:_i5+M„,2 = Mn,2M'^^^ . 

On top of (3.6) and (3.7) we need to give a number of trivial commutation relations, 
namely 

(3.8) [M„,i,i.™,2] = [M„,i,M™,2] = [M„+i,i,i.;,_2] = , \n-m\>2. 

We shall not specify other commutation relations, as they do not belong to the 
YB structure. That does not mean that there are no other nontrivial commutation 
relations. In fact, there are always number of model-dependent commutation re- 
lations, which, however, are not relevant to establish exact quantum invariants of 
the mapping. 

The equations (3.6)-(3.8) ensure that the commutation relations (3.1) between 
the matrices _L„ are invariant under the quantum mapping given by (1.1). For the 
explicit examples, there are of course alternative ways of establishing the symplec- 
ticity of the mapping, like, for instance, the construction of the unitary operator as 
was done in section 2 for the KdV and MKdV mappings. 

Having established the algebraic structure of the quantum mappings on a lo- 
cal (i.e. n-dependent) level, we then can 'integrate' this structure by considering 
the commutation relations for the monodromy matrix T{\). From (1.3) and the 
relations (3.1), (3. 6) we are led to the following commutation relations between 
Ai = M„=i and the monodromy matrix T, 

(3.9) TiM^^S+^M2 = M2S^^TiM^^ . 
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Using (3.9) it is an easy excercise to show that the commutation relations (3.5) for 
the monodromy matrices are invariant under the mapping. Also using the relation 

(3.9) we can construct exact quantum invariants of the mapping in the form of the 
parameter-family (1.6). The matrix A'(A) has to obey two conditions. The first 
condition is the refiection algebra relations 

(3.10) A'l *^ (( \S^2r') K2 Rt2 = Ri2 K2 (( )-i) A'l , 

which one needs in order to establish the commutativity of the parameter-family 
r(A), as follows from the treatment of ref. [22], cf. also [5] for the details of the 
derivation. In eq. (3.10) we assume, of course, that and Rf^j are invertible. The 
left superscripts *i and denote the matrix transpositions with respect to the 
corresponding factors 1 and 2 in the matricial tensor product. The second condition 
is the relation 

(3.11) tri(Pi2K2St2) = h , 

where P12 is the permutation operator satisfying P12A1 = A2P12, P12 = P21, 
ifiPi2 = I2 , (for matrices A not depending on the spectral parameter) and where 
tri denotes the trace over the first factor in the matricial tensor product. From 

(3.11) together with (3.9), one can establish that the family t(A) is actually invari- 
ant under the quantum mapping. The general solution of (3.11) is given by 

(3.12) K2 = ^ri{Pi2*^((*^5+)-i)} , 

which can be shown to obey also the refiection relation (3.10) provided the R- and S- 
matrices obey the YB relations (3.2)- (3.4). Thus, we have an explicit construction 
of invariants for the quantum mappings, which we can apply to the special cases of 
the KdV and MKdV mappings. 

4. The KdV and MKdV Mappings 

Here we consider two examples of integrable quantum mappings coming from 
the lattice analogues of the KdV and MKdV equations. 

a) The first example of a quantum mapping that exhibits the structure outlined 
above, is the mapping of the KdV type (i.e. eqs. (2.2) for the choice of potential 
given by (2.3)). From (2. 11), (2. 12) with V2j = Xj -\- e, V2j-i = Xj — yj — Xj-i -\- 
yj-i-\-e, cf. (2.10) together with (2.3), we obtain the following (2_P — 2)-dimensional 
generalization of the McMillan [25] mapping 

(4.1) t;2-_i = V2j , • = V2j + l + (i = I,--- 1), 

V2j V2j+2 

To obtain the YB structure it is worthwhile to note that eq. (4.1) arises as the 
compatibility conditions (1.1) with 

(4.2) L, = V2:V2:-i , M, = 

in which = — g^, A2J-1-1 = — and e6 = — q"^ . In fact, from (1.1) 
one obtains Gj = V2j-i — £6/v2j , as well as the mapping (4.1). In the quantum 
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case the variables Vj are hermitean operators with Heisenberg type of commutation 
relations, cf. (2.13), 

(4.3) [vj , Vj,] = in (6jj,+i - 6j+ij,) . 

The symplecticity of the mapping (4.1) with respect to the commutation relations 
(4.3) can be checked by direct computation. 

The special solution of the quantum relations (3.2)-(3.4), which constitutes the 
R, S'-matrix structure for the quantum mapping (4.1), together with the commuta- 
tion relation (4.3), is given by 



(4.4) R^, = ir^l + ih-^^ , i?+ = i?- - 5+ + 

5+ = 1 ® 1 - T^^F ® E , S^, = S+, 
K2 — q 



in which the permutation operator P12 and the matrices E and F are given by 

_Pi2 = E<g)F + F<g)E + EF<g)FE + FE<g)EF, 

- = (2;)-^ = (;o 

Calculating the matrix K using eq. (3.12) for the KdV quantum mapping, we find 

(4.6) A'(A) = 1 + '-^FE , \ = P-q^ . 

Thus, by expanding the operator r of (1.6) using (4.6) in powers of the spectral 
parameter , we can explicitely find the exact quantum invariants of the mapping 

b) The second example of a quantum mapping associated with the structure 
developed in the previous section, we consider 

(4.7) ^'2„-i = ^2n , e^- =e^''+^e^-+^e-^'' , 
where 

^„ _ {P2n - r) + (p2n-i + r)e'^^" 



(P2n-1 - r) + (p2n + r)e'^2'' 

Eq. (4.7) is the mapping (2.2) for the potential (2.4), and which is the quantum 
mapping associated with the lattice MKdV equation, cf. [12, 13], and it arises as 
the compatibility condition of the zero-curvature system (1.1) with L„ = V'znV'Zn-i, 
and 

in which \ = P - p-zn-i = P, P'Zn = Q, and 

1 



(4.9) M„ = A2„ ^ Q 

In fact, working out (1.1) with (4.8) and (4.9), one finds exp(7„) and the mapping 
(4.7). The quantum commutation relations are, (with the abbreviation h = ih), 

(4.10) e'^''e'^''+i = e-'^e'^-'+ie'^'' . 



10 



H.W. CAPEL AND NIJHOFF 



The YB structure for the MKdV mappings is given in terms of the following R, S- 
matrices. Introducing 



(4.11) 

-^^2(^12) 



/ e-'^Ais - 1 \ 

A12-I e-'' - 1 

Ai2(e-''-l) e-''(Ai2-l) 

e-''Xi2 - 1 / 



together with 

(4.12) S12 = l + {e-'' -l)FE(g)FE , 

in which A12 = A1/A2. Eq. (4.11) together with (4.12) yields a solution of the YB 
relations (3.2)-(3.4) , namely 

i?+2 = AiA2i?12(Ai/A2)(AiA2)-l , 

(4.13) 5+ = A2512A-1 , S^^ = S+, = Ai52iA-i . 
Calculating the matrix K from eq. (3.12) in the present case we find 

(4.14) A'(A) = 1 + (e'' - l)FEA2nFEA^^ , 

leading again to a commuting family of quantum invariants of the MKdV mapping 
(4.7) using the constructions of the previous section. 

We note that the explicit expressions for the matrix A'(A) in both the KdV 
and MKdV cases will lead to quantum corrections in the corresponding invariants 
which are visible only in the boundary terms coming from the contributions of the 
matrices Li and L2P at the beginning and the end of the staircase defining the 
monodromy matrix T. 

5. Quantum Miura Transformation 

So far, we have derived the same YB structure with the associated commuta- 
tion relations (3.1)-(3.7) for the quantum KdV and MKdV mappings separately. 
However, we know that the lattice KdV and MKdV -much like their continuum 
counterparts- are related via a Miura transformation, cf. [12, 13]. Thus, it is 
natural to pursue the interrelation between these two models also for the quantum 
case in the mapping reduction. Most conveniently, this Miura transformation can 
be expressed as a gauge transformation 

MKDV _ r< ^rKDV r<-l r< — ( '^j Pi 



where yM^DV yKDV ^j.^ ^j^g matrices Vj in the respective cases given in eq. 
(4.2) and (4.8) respectively. The entries of the gauge matrix Gj is given by can be 
calculated as 

(5.2) a, = (p, - r)/3,_i , 7, = (P - r^)P,., , e^' = P.Pj^, . 
The Miura transformation coming from (5.1) reads 

(5.3) V, = (p, - r)/3-_\/3,_2 + (ft + r)/3-_\/3, . 
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In order to discuss the associated 'bi-Hamiltonian structures', i.e. the commutation 
relations obtained by substituting the Miura transformation (5.3) into the non- 
ultralocal commutation relations (4.3), let us consider the operator Pj = VjVj-i . 
In the classical case this object satisfies a discrete-time version of the Volterra (Kac- 
van Moerbeke) equation, which in a slighlty different form also was derived in [26]. 
In the quantum case, from the fact that the operators Vj obey the KdV mapping 
(4.1), together with the commutation relations (4.3), we obtain for the operator Pj 
the mapping 

(5.4) Pi„ = P2n + 1 + e6 - e6(P2n + 2 - h)-' P2n + 1 , 
PL-l = P2n-e6 + e6P2n{P2n-l-h)-^ ■ 

Note the explicit quantum contributions in this quantum Volterra mapping, which 
are due to the commutation relations between the operators Vj . The commutation 
relations for the operators Pj are as follows 

[Pn + 2,Pn] = hPn + 2iPn + l — h) ^ Pn , 

(5.5) [Pn + l,Pn] = h{Pn + l + Pn - h) , 

[Pn+,n,Pn] = /or |m-n|>2. 

Note that we have non-trivial second-neighbour commutation relations. Thus, we 
expect that this algebra is closely related to the discrete Virasoro algebra, that 
was derived in [27] , cf. also [28, 29], some years ago in the classical case, cf. 
also [30, 31] for results on the quantum case. Since, it can be shown that the 
quantum invariants of the KdV mapping (4.1) can be expressed solely in terms 
of the operators Pj , the complete integrability of the quantum system defined by 
the quantum mapping (5.4) and the algebra (5.5) of commutation relations can 
be inferred from the non-ultralocal YB structure of the KdV mapping. A direct 
treatment of invariants for the mapping (5.4), and the establishment of a non- 
ultralocal YB structure, possibly of a dynamical nature, without using the relation 
with the KdV mappings, is still lacking at this point in time. 

Let us finish by noting that there exists, in fact, another way to obtain a second 
commutation structure for the operators Pj. In fact, now we can use the connection 
with MKdV operators rather than the KdV ones. Thus, from the MKdV mapping 
(4.7), and the commutation relations (4.10) for the operators Lpj we find 

(5.6) = P2^+, + eb-eb{e-'^P2n+2-ie-'' -l){pL+i-r'))~' P2n+i , 
PL-i = P2n-e6 + e6P2n{e-''P2n-(e-'' -l)(pl„_2-r^))-' , 

with the commutation relations 

[P„,P„ + 2] = (e-''-l)(p^_,2)p^^^(,-/.p^^^_(,-/._l)(p2_^2))-l^^ ^ 

[P„,P„+i] = (e-'^ -l)[P„+iP„-(pl_,-r^)P„+i 

(5.7) -{pI - r')Pn + (1 - e'^)(pl - r^){pl_, - r^)] , 
[Pn,Pn+m] = /or |m-n|>2. 

which are different from (5.5). Here the /i-dependent terms arise from the com- 
mutation relations between the MKdV fields Lpj. Both systems (5.4) together with 
the commutation relations (5.5) on the one hand, and (5.6) with the commutation 
relations (5.7) on the other hand, yield the same classical limit. It is, therefore. 
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interesting to note, that apparently for discrete systems in the quantum case, there 
exist different (Miura) transformations associated with different commutation sys- 
tems for one and the same field. In this respect, a comparison with similar results 
for the continuous-time situation, i.e. e.g. the results of [30, 31], seems to indicate 
that in the discrete-time case some modifications arise due to the 'staggering' effect 
of the initial- value staircase. It would be of interest also to extend the above results 
to the Miura transformations that we derived in [32] for the mappings related to 
the so-called lattice Gel 'fand-Dikii hierarchy and its associated quantization, cf [4]. 
We expect possible relations with discrete versions of VF-algebras that were derived 
recently, cf. e.g. [33, 34]. 
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